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^ ■ Abstract 

The event horizon of Schwarzschild black hole is obtained in non- 
commutative spaces up to the second order of perturbative calcultions. 
Because this type of black hole is non-rotating, to the first order there 
is no any effect on the event horizon due to the noncommutativity 
■ of space. A lower limit for the noncommutativity parameter is also 

, obtained. As a result, the event horizon in noncommutative spaces is 

^NJ \ less than the event horizon in commutative spaces. 
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^ . Recently, remotivated by string theory [1], noncommutative spaces (Moyal 

plane) have been studied extensively. The noncommutative spaces can be re- 
alized by the coordinate operators satisfying 

&: [xi,Xj\ = iOij, z,j = 1,2,3, (1) 

where x are the coordinate operators and 9ij is the noncommutativity pa- 
rameter and is of dimension (length)^. In noncommutative spaces, the usual 



X 



' product of fields should be replaced by the star-product 

f^9 = exp 1^1^,^. f{x)g{y)\,=y, (2) 

where / and g are two arbitrary infinitely differentiable functions. In non- 
commutative spaces we have 

[xi,Xj] = i6ij, [xi,pj] = idij, [pi,Pj] = 0. (3) 

In [2], we studied Schwarzschild black holes in noncommutative spaces 
up to the first order of perturbative calculations. Our aim in this letter is 
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to study the effect of the noncommutativity of space on the event horizon of 
Schwarzschild black hole up to the second order of perturbative calculations. 
We use natural units in which we set ^ = c = A;^ = 1 and G — mp^ — Ip^ 
where mpi and /pi are the Planck mass and the Planck length, respectively. 
The metric of the Schwarzschild black hole is given by 

-i^^ = (l - ^) *^ - 75:^ - r' {M' + .in^ «#^) . (4) 

There is an event horizon at = 2GM. 

We introduce the following metric for the Schwarzschild black hole in the 
noncommutative spaces [2] 

\ \/¥¥ ) 

where f satisfying (3). The event horizon of the noncommutative metric (5) 
satisfies the following condition 

1-^ = 0. (6) 

\/rr 

We note that there is a new coordinate system [3] 

Xi = Xi^ ^OijPj, Pi=Pi, (7) 
where the new variables read the usual canonical commutation relations 

[xi,Xj] = 0, [xi,pj] = i6ij, \pi,Pj] = 0. (8) 

So, if we change the variables Xi to Xi in (6), the singularities of the metric 
(5) are the solutions of 

= 0. (9) 



^ (xi - \9ijPj^ (xi - \9ikPk) 



This leads us to 



^ 2GM 



r 



i + ^i^-M^Ph.^+O(0^) + ...^o, (10) 



where % = \eijk9k- Using the identity 

^ijr^iks ^jk^rs ^js^rk (-^-^) 

one can rewrite (10) as follows 



+ O{0^) + ...^O, (12) 



where Lk = Ujk^iPj, = p.p and 6"^ = 9.6. If we put 63 = 6 and the rest of 
the ^-components to zero (which can be done by a rotation or a redefinition 
of coordinates), then L.9 = L^O and p.9 = Pz9. So, we can rewrite (12) as 



L.9-l{p'-pt) 9' 



+ 0{9^) + ...^0. (13) 



Using p'^ = p2 _|_ p2 _|_ p2 h^ave {p^ — pl)9'^ = {pi + pl)9'^. On the other 
hand, Schwarzschild black hole is non-rotating, L — ^ — 0. Therefore, 
we can rewrite (13) as follows 

- 2GMr' + ^{pl + pj) 0' + 0(9') + ... = 0. (14) 

This equation is a cubic polynomial equation as + ax^ + bx + c = 0. In 
(14), we have 6 = 0. Using the three roots ri, r2 and rs of a cubic polynomial 
equation and defining 

a = -2GM, (15) 



c = 



one can obtain the singularities of the metric. The three roots ri, r2 and 
of a cubic polynomial equation + ax^ + hx + c — Q are given in [4] . The 
real root of cubic formula (14) is the event horizon of the Schwarzschild black 
hole in noncommutative spaces [2] 

a /-2a3-27c+yT08a3cT729?V^^ 

" -3+i 54 J 

1/3 
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Two other roots of cubic formula (14) are not real [4]. In the case of com- 
mutative spaces c = 0, Eq. (17) yields rh = 2GM. 

As we know, the event horizon is a real quantity. So the expression under 
the square root sign in (17) must be positive or zero and satisfying 

lOSa^c + 729c2 > 0. (18) 

Prom (16), we note that c > 0. Therefore, the condition (18) yields 



27 \ e 



(19) 



Using pl+Py = M'^{v1+Vy) where and Vy are the speed of the Schwarzschild 
black hole along with the x— and axis respectively, Eq.(19) reads 



512 (G\ 
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(20) 



Prom the principle of special relativity the maximum value of v — vl-\- Vy 



is unity. So, we have 



, , - (21) 

27 \9J ^ ^ ' 

Inserting G = /pj in (21), we are led to a lower limit for the noncommutativity 
parameter 

^> 4.35/^1. (22) 

Let us now compare the event horizon, fh, of Schwarzschild black hole in 
noncommutative spaces with the event horizon, rh — 2GM, of Schwarzschild 
black hole in commutative spaces. In doing so, we rewrite (17) as follows 



+ 



a 
3 



2^21 ^ 27c j 



1/3 



~3y ~ 2 ~ 2 I ^ 27cJ 



1/3 



(23) 



From (18) we are led to < < 1 and consequently < (1 + |f^)^^^ < 1- 
Therefore, it can be easily seen by (23) that fh is less than rh- In other words. 
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the event horizon of Schwarzschild black hole in noncommutativc spaces is 
less than the event horizon of this type of black hole in commutative spaces. 

To summarize, the event horizon of Schwarzschild black hole has been 
studied in noncommutative spaces up to the second order of perturbative cal- 
culations. Since the noncommutativity parameter is so small in comparison 
with the length scales of the system, we have considered the noncommutative 
effect as perturbations of the commutative counterpart. 

Considering (13) one can conclude that additional terms in perturbative 
calculations of noncommutativity of space to the first order and second order 
are proportional to and — pi, respectively. On the other hand, the 
Schwarzschild black hole is non-rotating, L = ^ Lz = 0. So, to the first 
order of perturbative calculations, there is no any effect on the event horizon 
of this type of black hole due to the noncommutativity of space. To the 
second order of perturbative calculations, the effect of the noncommutativity 
of space appear if the components of the linear momentum of Schwarzschild 
black hole not be zero in the x — y plane, see Eq.(14). 

Due to the noncommutativity of space, there is a rotational symmetry break- 
ing and a preferred direction along with the z-scas because we put 63 — 6 
and the rest of the ^-components to zero. As we know, the event horizon 
is a real quantity. To satisfy this property of the event horizon, we obtain 
a lower limit, as given by (22), for the noncommutativity parameter. We 
also compare the event horizon of Schwarzschild black hole in noncommuta- 
tive spaces with the event horizon of this type of black hole in commutative 
spaces. Using (23), one can conclude that the event horizon of Schwarzschild 
black hole in noncommutative spaces is less than the event horizon of this 
type of black hole in commutative spaces. 

Our results here can be used for more studies about the thermodynamics 
of the Schwarzschild black holes in noncommutative spaces. This issue will 
be investigated in a further communication. 
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